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In this paper we consider a sample of a linearly elastic heterogeneous composite in elasto-
dynamic equilibrium and present universal theorems which provide lower bounds for the
total elastic strain energy plus the kinetic energy, and the total complementary elastic
energy plus the kinetic energy. For a general heterogeneous sample which undergoes har-
monic motion at a single frequency, we show that, among all consistent boundary data
which produce the same average strain, the uniform-stress boundary data render the total
elastic strain energy plus the kinetic energy an absolute minimum. We also show that,
among all consistent boundary data which produce the same average momentum in the
sample, the uniform velocity boundary data render the total complementary elastic energy
plus the kinetic energy an absolute minimum. We do not assume statistical homogeneity
or material isotropy in our treatment, although they are not excluded. These universal the-
orems are the dynamic equivalent of the universal theorems already known for the static
case Nemat-Nasser and Hori (1993, 1995). It is envisaged that the bounds on the total
energy presented in this paper will be used to formulate computable bounds on the overall
dynamic properties of linearly elastic heterogeneous composites with arbitrary
microstructures.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

One of the main objectives of micromechanics is to esti-
mate the overall properties of a heterogeneous composite
in terms of the architectural and material properties of
its micro-constituents. For the static case, this amounts
to defining effective properties which relate the domain
averages of the stress and strain tensors over a suitably
large sample called a Representative Volume Element (RVE;
See Hill, 1963; Hashin, 1965; Kröner, 1977; Willis,
1981a,b). The analysis is complicated by the following twin
problems:

1. It is often difficult to identify a suitable RVE that char-
acterizes the composite.
. All rights reserved.

).
2. In general the average values of the stress and strain
tensors depend upon the boundary conditions to which
the RVE is subjected. Therefore, effective properties
defined to relate these averages depend upon the
boundary conditions under which the averages are
calculated.

To deal with these difficulties, statistical homogeneity is
used which assumes that the overall properties of the com-
posite can be represented by those of an RVE. Furthermore,
it implies that the overall response of the RVE is almost the
same for any boundary condition as long as the averages of
the stress and strain are constant. By employing statistical
homogeneity, strain and complementary energy functional
can be defined to estimate the overall properties of the het-
erogeneous composite (Eshelby, 1957; Hashin and Shtrik-
man, 1962a,b; Hashin, 1965; Walpole, 1966a,b; Korringa,
1973). However, such estimates have been shown to be
merely plausible bounds and not rigorous bounds on the
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effective properties (Willis, 1981a). It was subsequently
shown that exact inequalities for the elastic and the com-
plementary energies stored in a finite body under arbitrary
boundary conditions could be established (Nemat-Nasser
and Hori, 1993, 1995, 1999). These bounds on the energies
were, in turn, used to provide improvable and computable
bounds on the static effective properties of heterogeneous
composites.

The recent interest in metamaterials (Smith et al., 2000;
Sheng et al., 2003; Liu et al., 2005; Milton and Willis, 2007)
has necessitated a systematic homogenization procedure
to estimate the effective dynamic properties of composites
by using field averaging or ensemble averaging techniques
(Smith and Pendry, 2006; Amirkhizi and Nemat-Nasser,
2008a,b; Willis, 2009; Nemat-Nasser et al., 2011; Willis,
2011). It has been shown that in the homogenized repre-
sentation the average stress is coupled with the average
velocity and that the average momentum is coupled with
the average strain (See also Shuvalov et al. (2011)). Re-
cently, a micromechanical method to calculate the effec-
tive properties of periodic elastic composites was
proposed (Nemat-Nasser and Srivastava, 2011; Srivastava
and Nemat-Nasser, 2011). This method provides effective
parameters which reduce to the effective parameters
calculated from the ensemble averaging technique of
Milton and Willis (2007) or the field averaging technique
of Nemat-Nasser and Srivastava (2011) when the disper-
sion relation of the composite is enforced.

In this paper we begin with a brief overview of the
elastostatic problem, stating the universal energy theorems
for this case. For the elastodynamic case, we present the
general form of the effective constitutive relations and
briefly discuss the properties of the effective parameters
which arise in the averaged constitutive relations. Finally,
we present universal theorems which are the dynamic ana-
logues of the static universal theorems presented in Nemat-
Nasser and Hori (1993, 1995). These universal theorems
bound the total elastic energy plus the kinetic energy and
the total complementary energy plus the kinetic energy of
a composite in an elastodynamic state and pave the way
for subsequently establishing rigorous bounds on the effec-
tive dynamic properties of the composite.
2. Elastostatic universal theorems

Consider the static case of a general heterogeneous so-
lid which consists of various elastic phases. There is no
restriction on the number, geometry, material, or orienta-
tion of each constituting microphase, i.e., neither statistical
homogeneity nor isotropy is assumed. Consider an arbi-
trary finite sample of volume X and boundary oX. The field
variables for the problem are the stress, r(x), and strain,
�(x), tensors and the displacement vector, u(x). The consti-
tutive equation relates the stress to the strain through the
stiffness, C(x), or the compliance, D(x) = C�1, tensors; in
what follows, the x dependence is implicit,

r ¼ C : �; � ¼ D : r ð1Þ

Strain is related to displacement through the kinematic
relation (field equation),
� ¼ 1
2
½$uþ $T u� ð2Þ

For elastostatically admissible boundary data, effective
properties (effective stiffness and compliance tensors) are
defined by relating the domain averages of the stress and
the strain tensors,

hriX ¼ Ceff : h�iX; h�iX ¼ Deff : hriX ð3Þ

where the domain average is defined by,

hQ iX ¼
1
X

Z
X

Q dX

Effective properties defined above, depend upon the
boundary conditions under which the strain and stress
fields are generated. It is, therefore, of interest to study if
there exist special boundary conditions which bound the
effective properties associated with any boundary data. It
was shown in Nemat-Nasser and Hori (1993, 1995, 1999)
that the elastic energy and complementary energy associ-
ated with the elastostatic system are bound by special
boundary conditions and that this fact could be used to place
strict bounds on the effective parameters. To this end, the fol-
lowing two stress/strain states were defined:

� Weakly kinematically admissible strain fields: Any com-
patible strain field with a prescribed average value.
� Weakly statically admissible stress fields: Any compatible

stress field with a prescribed average value.

And the following two universal theorems were proved:

� Universal theorem for elastic strain energy: Among all
weakly kinematically admissible strain fields, the strain
field produced by uniform boundary tractions renders
the total strain energy an absolute minimum.
� Universal theorem for complementary elastic energy:

Among all weakly statically admissible stress fields,
the stress field produced by linear displacement (uni-
form strain) boundary data renders the total comple-
mentary energy an absolute minimum.

In the present paper we show that analogous universal
theorems exist for the elastodynamic case. These universal
theorems may subsequently be used to place strict bounds
on the effective dynamic parameters.

3. Elastodynamic universal theorems

Now consider the dynamic case of a general heteroge-
neous solid which consists of various elastic phases. As
for the elastostatic case, there is no restriction on the num-
ber, geometry, material, or orientation of each constituting
microphase, i.e., neither statistical homogeneity nor isot-
ropy is assumed. Consider an arbitrary finite sample of vol-
ume X and boundary oX. The field variables are
represented by the stress, r(x), and strain, �(x), tensors
and the vectors of momentum, p(x), and velocity, _uðxÞ.
Constitutive relations relating the stress to the strain are
given by Eq. (1). The relation between the momentum
and the velocity at every point in X is,
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p ¼ q _u ð4Þ

where q(x) is the density. The field equations relate the
stress to the momentum and the strain to the velocity
(all field variables are assumed to be harmonic with fre-
quency x)

r � r ¼ �ixp

r _uþrT _u
h i

¼ �ix�
ð5Þ

Dynamic homogenization is an active area of research
(Norris (1992), Norris and Santosa (1992), Norris (1993),
Wang and Rokhlin (2002), Andrianov et al. (2008) and ref-
erences therein). Effective dynamic parameters are defined
by relating the domain averages of the field variables. The
general form of the averaged constitutive relation is given
by Milton and Willis (2007), Willis (2009), Nemat-Nasser
and Srivastava (2011), Willis (2011), Srivastava and Ne-
mat-Nasser (2011),

h�iX ¼ D : hriX þ S1 � h _uiX
hpiX ¼ S2 : hriX þ �q � h _uiX

ð6Þ

All the effective constitutive parameters are non-local
in space and time. The effective parameters may be com-
plex even if there is no dissipation in the system, the imag-
inary parts resulting from the asymmetries of, e.g., the unit
cell of a periodic composite. D is the fourth-order effective
compliance tensor which has minor symmetries,
Dijkl ¼ Djikl ¼ Dijlk. It does not have the major symmetry
associated with the elasticity or the compliance tensor
but has a hermitian relationship over the major transfor-
mation, Dijkl ¼ ½Dklij��, where ⁄ denotes complex conjuga-
tion. Effective density is a second-order tensor with a
hermitian relationship over the transformation of its indi-
ces, �qij ¼ ½�qji��, and S1, S2 are third-order coupling tensors
with the relationship S1

ijk ¼ S2
kij

h i�
.

Defined as above, the effective parameters depend upon
the boundary conditions under which the domain averages
of the field variables have been calculated. It is, therefore,
of interest to investigate the existence of special boundary
conditions which may bound the effective parameters by
bounding the associated total elastic energy plus the ki-
netic energy and the total complementary elastic energy
plus the kinetic energy for any boundary data. We present
two theorems which are the elastodynamic equivalent of
the elastostatic universal theorems stated above. These
theorems prove the existence of special boundary condi-
tions under which the total elastic energy plus the kinetic
energy and the total complementary energy plus the ki-
netic energy achieve their absolute minima.

3.1. Universal theorems

We define the following concepts of weak admissibility,

� Weakly kinematically admissible strain fields: Any com-
patible strain field with a prescribed average value.
� Weakly dynamically admissible momentum fields: Any

compatible momentum field with a prescribed average
value.
It is not required for these fields to satisfy any specific
boundary data, only their averages are required to be equal
to specified values. Weak admissibility requires these
fields to be consistent with the elastodynamic problem. A
weakly kinematically admissible strain field would have
associated velocity, momentum, and stress fields which
are consistent with the boundary data which produce the
strain field under consideration. There is no restriction on
the boundary data itself but the requirement is that the
average of the strain field be equal to a specified value.
Similar considerations hold for weakly dynamically admis-
sible momentum fields.

3.2. Universal theorem for total elastic strain and kinetic
energy

Consider a weakly admissible strain field �(x) which
satisfies h�iX = �0. The total elastic strain and kinetic en-
ergy associated with the body is given by,

Pð�;�0Þ ¼ 1
2
h� : C : �iX þ

1
2
hv � qviX ð7Þ

where the inner product is given by,

h� : C : �iX ¼ 1
X

R
X � : C : ��dX

hv � qviX ¼ 1
X

R
X v � qv�dX

ð8Þ

For any other weakly kinematically admissible strain field,
�̂ðxÞ; h�̂ðxÞiX ¼ �0, the total energy is given by,

Pð�̂;�0Þ ¼ 1
2
h�̂ : C : �̂iX þ

1
2
hv̂ � qv̂iX ð9Þ

where v̂ðxÞ is the velocity field resulting from the displace-
ment field ûðxÞ which corresponds to the strain �̂ðxÞ. Since
C has major symmetry, the difference in the total energy
for the two weakly admissible strain fields is,

Pð�;�0Þ �Pð�̂;�0Þ ¼ 1
4
hð�� �̂Þ : C : ð�� �̂ÞiX þ

1
2
hð�� �̂Þ

� : C : �̂iX þ
1
4
hðv � v̂Þ � qðv � v̂ÞiX

þ 1
2
hðv � v̂Þ � qv̂iX þ c:c: ð10Þ

where c.c. denotes the complex conjugate of the preceding
expression. Setting r̂ ¼ C : �̂ and ~� ¼ ð�� �̂Þ, the second
term on the right hand side can be written as,

1
2
hð�� �̂Þ : C : �̂iX ¼

1
2X

Z
X

~�ijr̂�ijdX

Now we have,

~�ijr̂�ij ¼
1
2
ð~ui;j þ ~uj;iÞr̂�ij ¼

1
2
ð~uidkj þ ~ujdkiÞ;kr̂�ij

¼ 1
2
ð~uidkj þ ~ujdkiÞr̂�ij
h i

;k
� 1

2
ð~uidkj þ ~ujdkiÞr̂�ij;k

¼ r̂�ij~uj

� �
;i
� r̂�ij;j ~ui ð11Þ

For the static case the last term in the above equation is
equal to zero based on the conservation law r̂�ij;j ¼ 0. For
the dynamic case, however, we have r̂�ij;j ¼ _̂p�i , hence,
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1
2
hð�� �̂Þ : C : �̂iX

¼ 1
2X

Z
X
r � ðr̂� � ~uÞdX� 1

2X

Z
X

_̂p� � ~udX

¼ 1
2X

Z
@X

n � r̂� � ~ud@X� 1
2X

Z
X

_̂p� � ~udX ð12Þ

Now the last term in Eq. (10) is,

1
2
hðv � v̂Þ � qv̂iX ¼

1
2X

Z
X

~_u � p̂�dX ð13Þ

This cancels with the volume integral in Eq. (12) if the two
cases for which the energies are being compared are in
harmonic motion with the same frequency. Moreover if
the boundary conditions associated with the strain field �̂
are such that, on the boundary,

nðxÞ � r̂ðxÞj@X ¼ nðxÞ � R ð14Þ

where R is a constant tensor, then the surface integral in
Eq. (12) can be written as,

1
X

Z
@X

n � r̂� � ~ud@X ¼ hð�� �̂ÞiX : R� ð15Þ

This is zero when both � and �̂ are weakly kinematically
admissible fields with volume averages equal to �0. Similar
considerations apply to the complex conjugate parts of Eq.
(10) and it can be shown that the remaining terms in Eq.
(10) are always real and positive given the symmetric, po-
sitive-definiteness of C and the scalar nature of q.

The above treatment shows that among all weakly kine-
matically admissible strain fields, the sum of the elastic
strain and the kinetic energy contained in a finite body,
in harmonic motion at a common frequency, is minimum
for the case when the boundary conditions are one of uni-
form traction (constant stress). To summarize, our first
universal theorem for the total energy is,

In elastodynamics, among all weakly kinematically admis-
sible strain fields at a given frequency, the strain field pro-
duced by uniform boundary tractions renders the total
strain energy plus the kinetic energy an absolute minimum.

3.3. Universal theorem for total complementary energy

Now consider a weakly admissible momentum field
p(x) which satisfies hpiX = p0. The total complementary
elastic energy plus the kinetic energy associated with the
body is given by,

Pcðp; p0Þ ¼ 1
2
hr : D : riX þ

1
2
hv � qviX ð16Þ

where D(x) = [C(x)]�1 is the compliance. For any other
weakly admissible momentum field, p̂ðxÞ; hp̂ðxÞiX ¼ p0,
the total energy is now given by,

Pcðp̂; p0Þ ¼ 1
2
hr̂ : D : r̂iX þ

1
2
hv̂ � qv̂iX ð17Þ

The difference in the total complementary energy of these
states is,
Pcðp; p0Þ �Pcðp̂; p0Þ ¼ 1
4
hðr� r̂Þ : D

: ðr� r̂ÞiX þ
1
2
hðr� r̂Þ : D

: r̂iX þ
1
4
hðv � v̂Þ � qðv � v̂ÞiX

þ 1
2
hðv � v̂Þ � qv̂iX þ c:c: ð18Þ

Denoting �̂ ¼ C : r̂ and ~r ¼ ðr� r̂Þ, the second term on the
right hand side can be written as,

1
2
hðr� r̂Þ : D : r̂iX ¼

1
2X

Z
X

~rij�̂�ijdX ð19Þ

As shown in the previous subsection, we have

~rij�̂�ij ¼ ~rijû�j
� �

;i
� ~rij;jû�i ð20Þ

so that Eq. (19) becomes,

1
2
hðr� r̂Þ : D : r̂iX

¼ 1
2X

Z
X
r � ð~r � û�ÞdX� 1

2X

Z
X

~_p � û�dX

¼ 1
2X

Z
@X

n � ~r � û�d@X� 1
2X

Z
X

~_p � û�dX ð21Þ

The volume integral in the above equation cancels the last
term on the right side of Eq. (18) if the two weakly admis-
sible cases are harmonic motion with the same frequency.
Therefore, for harmonic motion of the same frequency, say,
x, if the boundary condition for the second case is such
that

_̂uðxÞj@X ¼ _U ¼ �ixU ð22Þ

then the surface integral in Eq. (21) can be written as,

1
X

Z
@X

n � ~r � û�d@X ¼ �
_U�i

ixX

Z
X

~rij;jdX

¼ �
_U�i

ixX

Z
X

~_pidX ð23Þ

Invoking the harmonic nature of the motion, we can write
the final term in the above equations as,

�
_U�i

ixX

Z
X

~_pidX ¼
_U�i
X

Z
X

~pidX ð24Þ

The above integral goes to zero when the momentum fields
for the two cases have the same average value. Similar
comments apply to the complex conjugate part of Eq.
(18). In light of this, our second universal theorem is,

In elastodynamics, among all weakly dynamically admissi-
ble momentum fields at a given frequency, the momentum
field produced by uniform boundary velocities renders the
total complementary energy plus the kinetic energy an
absolute minimum.

4. Conclusions

The static energy theorems given in Nemat-Nasser and
Hori (1993) proved that the elastic energy and the comple-
mentary energy of a heterogeneous solid corresponding to
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any boundary conditions, are bounded from below by that
corresponding to special boundary conditions, i.e., con-
stant stress and linear displacement, respectively. Thus,
the energy theorems show that the effective properties
are bounded by the effective properties defined for these
special boundary data. This was then used to calculate
strict and computable bounds on the static effective
parameters. For the dynamic case we have proved the exis-
tence of analogous theorems which bound the total strain
energy plus the kinetic energy, and the total complemen-
tary energy plus the kinetic energy. It is worth to note that
the boundary condition which provides a bound for the
strain energy in the static case, i.e., the constant boundary
tractions, also provides a bound for the total strain energy
plus the kinetic energy for the dynamic case. On the other
hand, the boundary condition which provides a bound for
the complementary energy in the static case, i. e., linear
displacements (or constant strain) does not provide a
bound for the total complementary energy plus the kinetic
energy in the dynamic case. Instead now, for a common
average momentum, it is the uniform velocity boundary
data that provide the bound for the total complementary
energy plus the kinetic energy of the elastic composite.
The energy bounds proved for the elastodynamic case in
this paper are expected to provide strict bounds on the
effective dynamic properties of heterogeneous composites.

Acknowledgement

This research has been conducted at the Center of
Excellence for Advanced Materials (CEAM) at the Univer-
sity of California, San Diego, under DARPA AFOSR Grants
FA9550-09-1-0709 and RDECOM W91CRB-10-1-0006 to
the University of California, San Diego.

References

Amirkhizi, A., Nemat-Nasser, S., 2008a. Microstructurally-based
homogenization of electromagnetic properties of periodic media.
Comptes Rendus Mecanique 336 (1–2), 24.

Amirkhizi, A., Nemat-Nasser, S., 2008b. Numerical calculation of
electromagnetic properties including chirality parameters for
uniaxial bianisotropic media. Smart Materials and Structures 17,
015042.

Andrianov, I., Bolshakov, V., Danishevs’ kyy, V., Weichert, D., 2008. Higher
order asymptotic homogenization and wave propagation in periodic
composite materials. Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Science 464 (2093), 1181.

Eshelby, J., 1957. The determination of the elastic field of an ellipsoidal
inclusion, and related problems. Proceedings of the Royal Society of
London. Series A. Mathematical and Physical Sciences 241 (1226),
376.

Hashin, Z., 1965. Elasticity of random media. Journal of Rheology 9, 381.
Hashin, Z., Shtrikman, S., 1962a. On some variational principles in

anisotropic and nonhomogeneous elasticity. Journal of the
Mechanics and Physics of Solids 10 (4), 335.
Hashin, Z., Shtrikman, S., 1962b. A variational approach to the theory of
the elastic behaviour of polycrystals. Journal of the Mechanics and
Physics of Solids 10 (4), 343.

Hill, R., 1963. Elastic properties of reinforced solids: some theoretical
principles. Journal of the Mechanics and Physics of Solids 11 (5), 357.

Korringa, J., 1973. Theory of elastic constants of heterogeneous media.
Journal of Mathematical Physics 14, 509.

Kröner, E., 1977. Bounds for effective elastic moduli of disordered
materials. Journal of the Mechanics and Physics of Solids 25 (2), 137.

Liu, Z., Chan, C., Sheng, P., 2005. Analytic model of phononic crystals with
local resonances. Physical Review B 71 (1), 014103.

Milton, G., Willis, J., 2007. On modifications of newton’s second law and
linear continuum elastodynamics. Proceedings of the Royal Society A:
Mathematical, Physical and Engineering Science 463 (2079), 855.

Nemat-Nasser, S., Hori, M., 1993. Micromechanics: Overall Properties of
Heterogeneous Materials. North-Holland, Amsterdam.

Nemat-Nasser, S., Hori, M., 1995. Universal bounds for overall properties
of linear and nonlinear heterogeneous solids. Journal of Engineering
Materials and Technology 117, 412.

Nemat-Nasser, S., Hori, M., 1999. Micromechanics: Overall Properties of
Heterogeneous Materials. Elsevier, The Netherlands.

Nemat-Nasser, S., Srivastava, A., 2011. Overall dynamic constitutive
relations of layered elastic composites. Journal of Mechanics and
Physics of Solids 59, 1953–1965.

Nemat-Nasser, S., Willis, J., Srivastava, A., Amirkhizi, A., 2011.
Homogenization of periodic elastic composites and locally resonant
sonic materials. Physical Review B 83 (10), 104103.

Norris, A., 1992. Dispersive plane wave propagation in periodically
layered anisotropic media. Proceedings of the Royal Irish Academy.
Section A: Mathematical and Physical Sciences, vol. 92. JSTOR, p. 49.

Norris, A., 1993. Waves in periodically layered media: a comparison of
two theories. SIAM Journal on Applied Mathematics 53 (5), 1195.

Norris, A., Santosa, F., 1992. Shear wave propagation in a periodically
layered medium-an asymptotic theory. Wave Motion 16 (1), 33.

Sheng, P., Zhang, X., Liu, Z., Chan, C., 2003. Locally resonant sonic
materials. Physica B: Condensed Matter 338 (1–4), 201.

Shuvalov, A., Kutsenko, A., Norris, A., Poncelet, O., 2011. Effective willis
constitutive equations for periodically stratified anisotropic elastic
media. Proceedings of the Royal Society A: Mathematical, Physical
and Engineering Science 467 (2130), 1749.

Smith, D., Padilla, W., Vier, D., Nemat-Nasser, S., Schultz, S., 2000.
Composite medium with simultaneously negative permeability and
permittivity. Physical Review Letters 84 (18), 4184.

Smith, D., Pendry, J., 2006. Homogenization of metamaterials by field
averaging (invited paper). JOSA B 23 (3), 391.

Srivastava, A., Nemat-Nasser, S., 2011. Overall dynamic properties of 3-D
periodic elastic composites. Proceeding of the Royal Society A (under
review).

Walpole, L., 1966a. On bounds for the overall elastic moduli of
inhomogeneous systems–i. Journal of the Mechanics and Physics of
Solids 14 (3), 151.

Walpole, L., 1966b. On bounds for the overall elastic moduli of
inhomogeneous systems–ii. Journal of the Mechanics and Physics of
Solids 14 (5), 289.

Wang, L., Rokhlin, S., 2002. Floquet wave homogenization of periodic
anisotropic media. The Journal of the Acoustical Society of America
112, 38.

Willis, J., 1981a. Variational and related methods for the overall
properties of composites. Advances in applied mechanics 21, 1.

Willis, J., 1981b. Variational principles for dynamic problems for
inhomogeneous elastic media. Wave Motion 3 (1), 1.

Willis, J., 2009. Exact effective relations for dynamics of a laminated body.
Mechanics of Materials 41 (4), 385.

Willis, J., 2011. Effective constitutive relations for waves in composites
and metamaterials. Proceedings of the Royal Society A: Mathematical,
Physical and Engineering Science.


	Universal theorems for total energy of the dynamics of linearly  elastic heterogeneous solids
	1 Introduction
	2 Elastostatic universal theorems
	3 Elastodynamic universal theorems
	3.1 Universal theorems
	3.2 Universal theorem for total elastic strain and kinetic energy
	3.3 Universal theorem for total complementary energy

	4 Conclusions
	Acknowledgement
	References


